While various techniques have been used to demonstrate the classical four squares theorem for the rational integers, the method of modular forms of two variables has been the standard way of dealing with sums of squares problems for integers in quadratic fields. The case of representations by sums of four squares in Qð ffiffi ffi 5 p Þ was resolved by Go¨tzky, while those of Qð ffiffi ffi 2 p Þ and Qð ffiffi ffi 3 p Þ were resolved by Cohn. These efforts utilized modular forms. In previous work, the author was able to demonstrate Go¨tzky's theorem by means of the geometry of numbers. Here Cohn's theorem on representation by the sum of four squares for Qð ffiffi ffi 2 p Þ is proven by a combination of geometry of numbers and quaternionic techniques.
Introduction
In papers in the early 1960's, H. Cohn found analogues of sums of squares theorems for certain quadratic number fields. These papers extended the work of Go¨tzky in the 1920s demonstrating that every totally positive integer in Qð ffiffi ffi 5 p Þ is the sum of four squares of integers from that field. In particular, Cohn showed that every totally positive integer with even coefficient on the radical term in Qð ffiffi ffi 2 p Þ and Qð ffiffi ffi 3 p Þ is the sum of four integer squares from their respective fields. The above work of Go¨tzky and Cohn was based on the theory of modular forms of two variables, and gave the number of representations in addition to an existence proof (see [2] [3] [4] 6] ). Here Cohn's Theorem on the existence of sum of four squares representations is proven in the case of Qð ffiffi ffi 2 p Þ without recourse to the theory of modular forms. Other techniques have been used to prove the classical four squares theorem that every positive rational integer is the sum of four rational integer squares. Lagrange used infinite descent, Grace worked with the geometry of numbers, and Hurwitz utilized a special ring of quaternions (see [8, 9] ). In a previous paper, the author gave an alternate proof of Go¨tzky's result for Qð ffiffi ffi 5 p Þ by means of geometry of numbers. Using a convex figure in R 8 called a spherical diamond, it was possible by means of geometry of numbers to demonstrate that for each algebraic integer prime r in Qð ffiffi ffi 5 p Þ there exist algebraic integers a; b; g; d and k such that
where jkk Ã jp8: Here Ã means conjugation with respect to Qð ffiffi ffi 5 p Þ: From this point, some number theory in the ring of integers of Qð ffiffi ffi 5 p Þ eliminated all cases except that of k a unit. The four square theorem then follows (see [5] ). Due to larger bounds and differences in number theory of the corresponding ring, the above approach is insufficient by itself for the case of sums of four squares in Qð ffiffi ffi 2 p Þ: Hurwitz's approach to the classical four squares theorem used the norm Euclidean property of the ring Z 1; i; j;
However, one key step in the proof required the use of the result in elementary number theory that for every rational prime p there exists rational integers a and b such that a 2 þ b 2 þ 1 ¼ kp with kop: While it is not clear if there is an analogue to this result in quadratic fields, this difficulty can be avoided by using the conclusions available from the geometry of numbers.
In contrast to Hurwitz's quaternions, we use the ring of cubian quaternions. Letting Oð ffiffi ffi 2 p Þ represent the ring of algebraic integers in Qð ffiffi ffi 2 p Þ; the cubians are the Oð ffiffi ffi 2 p Þ-module with generators f1;
This set is a ring and a principal ideal domain (see [1, 11] ). Recall than an associate of an element of a ring is the product of that element with a unit of the ring on the left or right. While each Hurwitz quaternion has an associate with integer coefficients in the standard quaternion basis f1; i; j; kg; it is not the case that every cubian has an associate with Oð ffiffi ffi 2 p Þ coefficients in that basis. However, some weaker results are proven that combined with knowledge of factorization into primes of Oð ffiffi ffi 2 p Þ suffice to obtain Cohn's result for Qð ffiffi ffi 2 p Þ: For information on the classical case see Hardy and Wright [8, Chapter XX] and Herstein [9] .
To fix notation, let i; j; and k be the standard quaternions whose squares are À1 and whose products are anti-commutative, i.e. ij ¼ Àji; etc. We use H to represent the ring of all real quaternions, that is, all real linear combinations of the elements 1, i; j; k: Bold type is used to represent a quaternion variable, so that a typical element of H is of the form q ¼ q 1 þ q 2 i þ q 3 j þ q 4 k with q 1 ; y; q 4 real numbers. Quaternion conjugation is denoted by placing a bar above the variable. Thus % q is the same as q except for sign changes in the coefficients of i; j; and k: N represents the quaternion norm, so that
: For R a subring of the real numbers, and s 1 ; y; s k real quaternions, we define R½s 1 ; y; s k as the R module generated by s 1 ; ys k : When R is a subring of a quadratic field, we use a star Ã to show conjugation with respect to the field. Thus the
We define
Results from the geometry of numbers
A key result in the alternate proof of Go¨tzky's theorem was that for every prime r in the algebraic integers Oð ffiffi ffi
2 with k a unit. This can be generalized using the same geometry of numbers technique employed in Deutsch [5] , though the restriction on k must be loosened. 
Proof. We closely follow the proof in Deutsch [5] . Since p splits, jrr Ã j ¼ p: Choose rational integers a and b such that a 2 þ b 2 þ 1 0ðmod pÞ: Hence a 2 þ b 2 þ 1 0ðmod rÞ: Choose e so that 1 and e are Z module generators of O; i.e. O ¼ Z½1; e:
To employ the geometry of numbers approach, we need to choose a lattice and a centrally symmetric convex subset in R 8 : For the lattice we choose the set The size of the lattice is the absolute value of the determinant of a basis, which is
We apply Minkowski's convex body theorem to the spherical diamond CðrÞ in R 8 defined by
ð2:3Þ
Using Deutsch [5, Lemma 8] we choose r such that
Minkowski's geometry of numbers gives us algebraic integers, not all zero, such that 
The cubians
It has already been noted that the cubians K form a ring and are a principal ideal domain for each of the left ideals and the right ideals. There are 48 units of norm one in K of which only a subset will be needed for our purposes. For details see Vigne´ras [11] .
Lemma 3. The following are units in K of norm 1.
The quaternions listed above all have norm 1 as is easily demonstrated by computer algebra. The inverse of any quaternion of norm 1 is its conjugate. For the quaternions above this means the inverse is an element of K: Hence the quaternions in (3.1) are units of K:
These units were derived by multiplying w 1 through w 4 together numerous times and in various combinations. &
Proof. As 1AK it is clear that Oð ffiffi ffi 2 p ÞDK-R: In the other direction, write a typical 
Þu is an element of Oð ffiffi ffi 2 p Þ½1; i; j; k: See Table 1 for examples of the relevant computations. Also
with # g 1 ; y; # g 4 AOð ffiffi ffi 2 p Þ as K is closed under quaternion multiplication. However, two times any element of K must be in Oð ffiffi ffi 2 p Þ½1; i; j; k as the denominators of the 
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where a is an odd rational integer and b is an even rational integer. Then there exists a quaternion unit uAK of norm 1 such that quAOð ffiffi ffi 2 p Þ ½1; i; j; k:
Proof. Consider the norm of a typical element of K: 
ð3:6Þ
Note that if we take rational integers c 1 ; y; c 4 and d 1 ; y; d 4 such that c t a t ðmod 2Þ and d t b t ðmod 2Þ for t ¼ 1; 2; 3; 4 and compute the quaternion norm of
Þw 4 then the values of A and B modulo 2 do not change. As in the previous Lemma let q ¼ a 1 w 1 þ a 2 w 2 þ a 3 w 3 þ a 4 w 4 where a t AOð ffiffi ffi 2 p Þ for t ¼ 1; y; 4: Again decompose q as in (3.2), where g 1 ; y; g 4 AOð ffiffi ffi 2 p Þ and
Thus the rational coefficients of a t and d t are congruent modulo 2 in Z and the same holds for the corresponding irrational coefficients.
Consequently, the rational coefficient of NðqÞ is congruent modulo 2 to the rational coefficient of NðdÞ; and the irrational coefficient of NðqÞ is also congruent modulo 2 to the irrational coefficient of NðdÞ:
Computation shows that for every possible value of d such that the rational coefficient of NðdÞ is odd, and the coefficient of ffiffi ffi 2 p in NðdÞ is even, there exists a quaternion unit u in (3.1) such that du is an element of Oð ffiffi ffi 2 p Þ½1; i; j; k: See Table 2 for examples of the corresponding computation. Thus
with # g t AOð ffiffi ffi 2 p Þ for all t as K is closed under quaternion multiplication. Since twice any element of K is in Oð ffiffi ffi 2 p Þ½1; i; j; k we find qu is also in Oð ffiffi ffi 2 p Þ½1; i; j; k: & Suppose r is a totally positive prime of the ring Oð ffiffi ffi 2 p Þ lying over the rational odd prime p: If r ¼ p does not split in Oð ffiffi ffi 2 p Þ then it is the sum of four squares by the classical theorem of Lagrange. However, the case where p does split, i.e. p 71ðmod 8Þ; must be taken care of by other means. We proceed to do this with the next few Lemmas.
Lemma 8. Suppose r is a prime of the ring Oð ffiffi ffi 2 p Þ: Then there exists a unit l of Oð ffiffi ffi 2 p Þ and a quaternion q of K such that NðqÞ ¼ lr:
Proof. Suppose r lies over the rational prime p: We consider three cases depending on how p factors in Oð ffiffi ffi 2 p Þ: If p is inert, then r and p differ only by a factor of a unit of Oð ffiffi ffi 2 p Þ: By the classical four squares theorem we can find rational integers a; b; c and 
Also NðriÞ ¼ r 2 and riAK: Since K is a principal right ideal domain, the right ideal generated by ri and q is also generated by a single element which we denote r: As right K ideals we have ðrÞ ¼ ðri; qÞ: Thus there exists s; tAK such that r ¼ s Á ri þ t Á q: Also there exists v 1 ; v 2 AK such that v 1 r ¼ ri and v 2 r ¼ q: Thus NðrÞ divides NðriÞ and NðqÞ in the ring Oð ffiffi ffi 2 p Þ: This implies that NðrÞ divides r 2 and kr: Since Oð ffiffi ffi 2 p Þ is a unique factorization domain and a principal ideal domain, NðrÞ divides the greatest common divisor of r 2 and kr: But jkk Ã jp9ojrr Ã j and r is prime, so k is relatively prime to r: Thus NðrÞ divides r which implies that NðrÞ is a unit or an associate of r:
Consider the equation r ¼ s Á ri þ t Á q and take quaternion conjugates to find
Multiplying together we find with generators
as in Vigne´ras [11] . While there are 120 units of norm one in I we need only a small portion of these for our results.
Lemma 12. The following are units in I of norm 1:
1; e 1 ; e 2 ; e 3 ; e 4 ; te 3 À e 2 ; te 4 À e 3 ; te 2 À e 4 ; 
Taking conjugates with respect to Qð ffiffi ffi 5 p Þ we find l Ã r Ã is also a sum of squares and greater than zero. Thus lr is totally positive from which it follows that l itself is totally positive. Note that l ¼ 7t n for some rational integer n: Together this implies that l ¼ t n and n is even. We can therefore write NðqÞ ¼ t 2m r for some mAZ: By Lemma 15 there exist quaternion units of norm one, u 1 ; u 2 ; such that u 1 qu 2 AOð ffiffi ffi 5 p Þ½1; i; j; k: Write Proof. This follows as in Deutsch [5] . &
Further directions
It appears plausible that the technique of combining geometry of numbers bounds with special rings of quaternions can lead to more results of similar type. Due to a result of Siegel [10] sums of squares are not universal for any totally real number fields besides the rational integers and the integers in Qð ffiffi ffi 5 p Þ: Restricting to cases analogous to Cohn's four squares theorem does not improve matters. Assuming the discriminant of the quadratic field is divisible by four and totally positive integers under consideration have even irrational coefficients, numerical computations imply that only in Qð ffiffi ffi 2 p Þ and Qð ffiffi ffi 3 p Þ are the sum of four squares universal for this limited class of integers.
It would be interesting to formulate a condition in general number fields which insures that a totally positive integer satisfying such condition is the sum of four integer squares. Such general results would most likely require much deeper techniques than those used in this paper.
The computation
The computations utilized the PUNIMAX variant of MAXIMA on a Pentium 133 chip personal computer with 32 megabytes of RAM. The operating system was LINUX 2.0.35. The running time to perform the computations relevant to Lemmas 6 and 7 totaled 8 min and 24 s: Two SNOBOL4 programs were written to transform the MAXIMA output into TEX readable form for Tables 1 and 2 . The computation for Lemma 15 required 85:58 min: A table for the products of pairs of basis elements w 1 ; y; w 4 was created. Using this, the entries appearing in Tables 1 and 2 were checked by manual calculation.
